Question
Write the following initial value problems in the form of an integral equation
and hence find the solution using Picard iteration.

(@) y=y y0)=1
(b) v =9* y(0)=1

(c) vy =2x(1+y) y(0)=0

Answer

(@) y=y y(0)=1 (1)
The integral equation is y(z) — 1 = /m y(t)dt (2)
0

Iteration y,1(z) =1 +/ y(t)dt, yo=1
0

Hence,
yi(x) = 1—|—/ dt=1+ux
0
x 1
yolzr) = 1+/(1+t)dt:1+x+§x2
0

@ 1 1 1
ys(z) = 1+/(1+x+§x2)dt:1+x+§x2+6x3
0

This suggests

x? "
n =1 — 4.+ —
Yn () +z+ 5 + ...+ o
Prove this by induction:
True for n = 1.
Suppose true for n then
T t2 tn
Y1 () = 1+/ (I+t+=+..+—)dt
0 2 n!
22 23 2
=1 — 4+ — + ...
T TR N PR

So true for n = true for n + 1.



Since it was true for n = 1 then by the induction hypothesis it is true

for all n € N.

Asn — oo yn(x)—>y(x):1+x+§+:§—?+...:ex
(You can check that y = e” satisfies (1))
(b) v =y> y(0)=1
The integral equation is y(z) — 1 = / y*(t) dt
0

Iteration y,1(z) =1 —I—/ yt)ydt, yo=1
0

Hence,

y1(z)

Y2(z)

y3()

this suggests

- 1+/ dt =1+
0

= 1+/x(1+t)2dt
0

3

= 1+x+x2+%
= 1+/(1+t+t2+§)2dt
0

z 8 by 2 1
=1 / T+ 2t + 322+t + St + ~t%) dt
- 0( et 3 +3 +3 +9 )
2 1 1 x’
1 2 3,4 4,1 5, 1.6
= +x+x+x+3x+3x+9x+63

= (I+ax+2°+.. +2")p.(2) (3)

where p,(x) is some polynomial.
If y,(z) has the form (3) then:

Yn+1 (l‘) =

1 +/ (Lt 824 o " 4 ()2 di
0

1+ / (142t + 3> + ... + nt" + " g, (1)) dt
0

(where g, (t) is some polynomial)
L+z+a?+ .+ 2"+ 2", ()

(where r,,(z) is some polynomial)

Hence it seems reasonable to suppose that as n — oo



Un(z) s y(z) =14+ +23+ ... =(1—a)"!
In fact one can prove this for |z| < 1 by looking more carefully at the
remainder term.

1
One can check that y = | is a solution of (1).

(¢) ¥ =22(1+y)  y(0)=0 (1)
The integral equation is y(z) = /I 2t(1 +y(t)) dt (2)
0
[teration:

pon(@) = [0 +p)dr =0
yi(x) = /0x2tdt = 2?

ya(z) = /0 24(1 + t2) dt

_ 2 T
= "+ 5
x 9 t4
ys(z) = /0 24(1+12+ ) dt
, at  ab
BRI
This suggests
1'4 x2n
If we assume this is true then
T ) t4 th
n = 20(1 + ¢t — 4+ .+ —)dt
pon(@) = [ 20+E+ S+ )
2t2n+1
= (2428 +°+ .+ ——)dt
(n+1)!
ﬁ+ﬁ+£+m+ﬁﬁi
2! 3l (n+1)!
Hence it is true for n = true for n + 1.
4 2n
Also true for n = 1 so by induction y,(z) = 2 + % +...+ a:'_'
! n!

4
Asn — oo yn(x)—>y(m):x2+%+...:e””:2—1

and one can check that y = e — 1 is a solution of (1)



