Question

Suppose f(z) = p(z)/q(z) where p(z9) # 0, ¢(z0) = 0 and ¢'(29) # 0. Show
that f(z) has a simple pole at zy with residue p(zo)/q’(z0).

Evaluate the following integrals. Justify any limits used.
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Thus f(z) has a simple pole at zg with residue /((2’03'
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i) We integrate f(z)

(22+1)(224+4) T A 4522+4 q(2)
The contour used is C = {—R, R} + {Re™ 0 < ¢ < w}. Within this the

singularities are at z = ¢ and z = 21.

We find the residues:
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Now for 2] = B, /()1 = 13 e a) S (e D@2~ 0)

So for the semi-circular part C' of the contour,
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Thus, letting R — oo, we obtain /OO flz)dz = g, S0 /OO f(x)dx:%
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ii) Let z =¢". Socosf =1(z+1), sinf=2L(z-1) dd=%

So the integral becomes
dz
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The integrand has simple poles inside C' at z = j:ﬁ
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So the integral is —2mi ( + ) -
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(C=unit circle)
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