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MA101 Calculus - Outline Notes: Limits of Functions

The ideas of limits are used in both theory and applications of calculus. A range of situations where limiting ideas are needed is in Section 1.1 of Adams, pages 55-59, and you should read this section of the book. You will have used limiting ideas graphically in discussing such things as asymptotes for the graph of a function. In this section of the course we shall concentrate on finding limits algebraically.

A precise definition of limit took mathematicians 2 or 3 centuries to develop. We shall not try to compress this into 10 minutes. We shall take an intuitive approach, but point out some problems which can occur.

One application of limits is to the idea of continuity. Informally we shall say that if a function has a continuous curve in an interval enclosing 
[image: image1.wmf],

a

x

=

 then as x approaches a from either direction the value of 
[image: image2.wmf])

(

x

f

 approaches 
[image: image3.wmf]).

(

a

f
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For continuous functions therefore we can find the limit of 
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Formal definitions of limits are given in Section 1.5 of Adams. They do not form part of MA101 but you will study them in MA201, so why not have a first look at them now.

An Interesting Example

Here we have a situation where trying to apply ordinary arithmetic rules leads to a contradiction. It indicates the need for care, and these kinds of problems will be studied in later courses including MA201 and MA204.
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This is an infinite GP with common ratio 
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 which converges provided x is non-zero. So for 
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 for all non-zero x. 

Now if we substitute 
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 So the graph of 
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 with a missing point at zero. There is a single isolated point at (0,0). The function is discontinuous at 0. Furthermore we can see that 
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We can also see that for all values of n 
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Therefore we can say that
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The fact that these two are different led to a great deal of research in the 19th Century. This topic will be studied in MA204.

Example 1

Find 
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Since the denominator 
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 is never zero, our knowledge of expressions like this and their graphs should tell us that whatever its precise shape, the graph will be continuous, so the limit can just be found by substituting 
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We have implicitly used the rules for limits as listed on page 65, together with the following rule: If 
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In considering graphs we often want to decide what happens to the graph when x or y increases or decreases without bounds. Section 1.3 of Adams discusses this with plenty of examples. The following examples illustrate the kind of notation which is used.
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Types of expression which cause difficulty in finding limits are


[image: image26.wmf])

(

)

(

x

g

x

f

 where 
[image: image27.wmf]0

)

(

®

x

f

 and 
[image: image28.wmf]0

)

(

®

x

g

  "
[image: image29.wmf]0

0

"


[image: image30.wmf])

(

)

(

x

g

x

f

 where 
[image: image31.wmf]¥

®

)

(

x

f

 and 
[image: image32.wmf]¥

®

)

(

x

g

  "
[image: image33.wmf]¥

¥

"


[image: image34.wmf])

(

)

(

x

g

x

f

´

 where 
[image: image35.wmf]0

)

(

®

x

f

 and 
[image: image36.wmf]¥

®

)

(

x

g

  "
[image: image37.wmf]¥

´

0

"


[image: image38.wmf])

(

)

(

x

g

x

f

-

 where 
[image: image39.wmf]¥

®

)

(

x

f

 and 
[image: image40.wmf]¥

®

)

(

x

g

  "
[image: image41.wmf]¥

-

¥

"

In each case we can find examples of functions f  and g for which the limits in question are zero, infinity, negative infinity, finite and non-zero, or even non-existent.

Unfortunately we do have to deal with the first type in working with the definition of the derivative. Recall that the definition of the derivative of 
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 and both numerator and denominator of the quotient tend to zero, so this limit is a "
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The next section Techniques for Finding Limits, investigates some of these, illustrating them through examples rather than general theory.
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