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MA101 Calculus - Outline Notes: Integration - Rational Functions 

This is an important topic and is dealt with at length in Section 6.3 of Adams, with many examples. What we shall do in this section is to summarise the steps involved in integrating any rational function, with some examples along the way.

The main algebraic prerequisites are as follows:

· Polynomial division, for example dividing 
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 There is a detailed example on polynomial division in a section of these notes, which you should work through.

· Partial Fractions. This is discussed in some detail in the book, and you will have done some work on the topic in MA103.

A rational function is one of the form 
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 are both polynomials in the variable x. Integration of any rational function is done using the following sequence of steps.

STEP I

Is the degree of 
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 If the answer is YES then divide 
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 are polynomials and
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Example 1
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STEP II

Factorise 
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 A result called the Fundamental Theorem of Algebra, first proved in about 1800 by K F Gauss, implies that any polynomial with real coefficients factorises into a product of real linear factors and real quadratic factors, which may be repeated.

The problem with this step is general is that there is no general algorithm for factorisation, so that the theorem is an existence theorem.

Example 2
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Example 3

In this example we see the real factorisation followed by further factorisation when complex numbers are allowed. In the latter case any complex polynomial always factorises into complex linear factors, sometimes with repetition as in this example.
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STEP III

Decompose 
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 using partial fractions. Example 4 is by way of revision of a method used in MA301. Examples 5 and 6 involve repeated factors in the denominator.

Example 4
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Equating the numerators gives  
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Use of the identity symbol emphasises that this is true for all x. So we can choose specific values of x  to enable us to find the coefficients one at a time. We choose those values of x which make one of the linear factors zero.
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Example 5
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Example 6
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STEP IV

Integrate each term in the decomposition separately. Each is a rational function, but only a few different types of expression appear, and we discuss each of them.

Example 7
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Example 8
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In the next example we are dealing with 
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We can write the function as 
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Example 9
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We can deal with the first integral as follows
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We deal with the second integral by completing the square of the denominator, which doesn't have real roots
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In the next example we deal with 
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We can write the function as 
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))

(

(

))

(

(

)

(

))

(

(

n

n

n

x

q

d

x

q

x

q

c

x

q

linear

+

¢

=


Example 10


[image: image43.wmf](

)

(

)

(

)

.

5

2

1

5

2

2

2

5

2

1

2

2

2

2

ò

ò

ò

+

-

+

+

-

-

=

+

-

-

dx

x

x

dx

x

x

x

dx

x

x

x

n

n

n


We can deal with the first integral as follows
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We deal with the second integral by completing the square of the denominator, which doesn't have real roots, and then let 
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We now use either the trigonometric substitution 
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Using the trigonometric substitution gives
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 for which a reduction formula is needed.

Using the hyperbolic substitution gives
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 and again a reduction formula is needed.

Example 11

Find the indefinite integral of 




This is an algebraically complicated example. The algebraic manipulation done using MAPLE. You would not expect to do as complicated an example as this by hand.

Make sure you understand all the algebraic procedures in steps I - III, and that you understand each separate integral in step IV.

STEP I    Divide the denominator into the numerator to give




STEP II     Factorise the denominator




STEP III     Decompose into partial fractions




STEP IV     

To integrate each term we need to rearrange the fractions in a suitable form for integration using the guidance in the examples above




We can now integrate each term
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