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MA101 Calculus - Outline Notes: Hyperbolic Functions

Adams, Section 3.6, pages 210-215 discusses this topic.

Recall that we showed that any function can be expressed as the sum of an even function and an odd function, so that if  
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 (using the obvious notation) then
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If  
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 we obtain a pair of function called hyperbolic functions, with graphs as shown
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These are called hyperboic functions because they can be used to parametrise hyperbolae.

Just as with trigonometric functions we can define corresponding hyperbolic functions
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There are many identities involving hyperbolic functions, which have both similarities and differences with those for trigonometric functions. These identities can be derives using the definitions in terms of the exponential function and the laws of indices. For example the identity  
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 is proved on page 211.

Example 1

We shall prove an addition formula for sinh. 


[image: image7.wmf](

)

(

)

(

)

(

)

(

)

(

)

(

)

)

sinh(

2

e

-

e

e

2e

-

e

2e

e

e

-

e

e

e

e

-

e

e

e

e

-

e

e

-

e

e

e

e

e

e

e

e

e

e

e

e

2

e

-

e

.

2

e

e

2

e

e

.

2

e

e

sinh

cosh

cosh

sinh

)

(

4

1

4

1

4

1

y

x

y

x

y

x

y

x

y

x

y

x

y

x

x

x

y

x

y

x

y

x

y

x

y

x

y

x

y

x

y

y

x

x

y

y

x

x

y

y

x

x

y

y

x

x

+

=

=

=

+

+

+

=

-

+

+

+

-

=

+

+

+

-

=

+

+

-

+

-

-

-

-

-

-

-

-

-

-

-

-

-

-

-

-

-

-


You can verify other identities is a similar way yourself.

Inverse hyperbolic functions

Now sinh and tanh are 1-1 and so have inverses. Because they are defined in terms of the exponential function we might expect their inverses to be expressible in terms of the logarithmic function, and this is the case. The logarithmic form of the inverses is discussed on page 214, and you should study them.

We shall look at the inverse problem for cosh. It is not 1-1, and so we shall have to restrict the domain, as we did for the inverse trigonometric functions.

If 
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 then if we multiply by 
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 This is a quadratic equation in 
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this gives two possible values of x, and we can see that a line parallel to the x-axis which intersects the graph of cosh generally does so in two points. The relationship between these two values of x can be explored further. 

If  
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So if 
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So when we restrict the domain in order to have an inverse function we find that

the inverse of 
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 is given by 
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the inverse of 
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 is given by 
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You can plot the graphs by reflection in the line 
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 in the usual way.
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