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MA101 Calculus - Outline Notes: Functions of Two Variables - Limits

This topic is discussed in Section 12.2 of Adams. We shall not explore it in detail in this course. We shall simply look at some examples where we have points 
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 where 
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 has a singularity, usually corresponding to a zero denominator.

Example 1

Let 
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Now at the point 
[image: image4.wmf])

0

,

0

(

both numerator and denominator are zero, so the function is undefined there. If we approach 
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 along the x-axis, this is equivalent to putting 
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 provided 
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 Similarly 
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Now if we approach 
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Along the line 
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 we find 
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Along the line 
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 we find 
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Along the curve 
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 we find 
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So as we approach 
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in different directions we get different limits. Overall the function does not have a well-defined limit as x tends to 0.

The contour plot below is the best that MAPLE can do, because of numerical limitations. It does show all the different contours coming in to the origin.
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Example 2
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 is undefined along both axes. It tends to infinity as 
[image: image22.wmf])

,

(

y

x

 tends to any point on either axis. The contours at height k are hyperbolas with equation 
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 Try to visualise the surface and then plot it on MAPLE.

Example 3
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 has a singularity at the origin. Now 
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 and so the function is bounded. The singularity is therefore of a different type from example 2. Like previous examples it has radial symmetry. Putting 
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 which has infinitely many oscillations near to the origin. This is the best that MAPLE can do. The surface is generated by this curve rotated about the vertical axis.
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Example 4

Let 
[image: image28.wmf].
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 this has a singularity at the origin. As with example 1 we can see all the contours going towards the origin, so there is no overall limit. However in particular directions we have, along the x-axis, 
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 whereas along the y-axis 
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 We can see that this means that there is no sensible way to define 
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To find the equation of a typical contour, say at height 
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 we need to investigate the curve 
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 This can be rearranged to give 
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 whose graph is shown below. 
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