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MA101 Calculus - Outline Notes: Differentiation - Composite Functions

Differentiation has two major areas of use and origin. One is geometry, and the problem of finding tangents to curves (Read section 2.1 of Adams to revise this). The other is motion (speed, velocity, acceleration) and other rates of change (Read section 4.1 in Adams to revise this.

The problem of finding tangents to curves leads to the limit definition of a derivative discussed in section 2.1 of Adams and printed on page 101:
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An equivalent way of writing the definition which is sometimes useful is:
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You should be familiar with both the dash notation 
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 and the Leibniz notation 
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 Both are useful in different circumstances. The use of 
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 as an operator is also important. These are explained in section 2.2 of Adams.

In section 2.3 of Adams some basic derivatives are discussed, along with the sum, product and quotient rules. All of this is in the core of A-level Mathematics, and you should be familiar with it. This section of the book will help you to do any revision which you might fell would be helpful.

You are expected to remember the derivatives of 
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It is important to realise when using 
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 that x must be in radians. The situation when x is in degrees is discussed, with a graph, on page 127, where it is shown that 
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Differentiating Composite Functions - The Chain Rule

This topic is also part of the A-level core, but is sufficiently important to deserve some revision. It is discussed in section 2.4 in Adams. Adams gives proofs, and you should study these to gain an understanding of why the procedure works. The main objective however is to learn to use the procedure efficiently, and so we shall concentrate on examples. Here are two statements of the Chain Rule, using the dash notation and the Leibniz notation respectively.

Definition 1

The derivative of the composite function 
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Definition 2

If 
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(Both definitions of course assume differentiability at the appropriate places.

Sometimes we find statements using both notations
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You will recognise Definition 2 as a change of variable, and in implementing the Chain Rule it is helpful initially to make the change(s) of variable explicit, as in the following examples.

Example 1

Differentiate 
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Using the Chain Rule, we let 
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Therefore using 
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The Chain Rule is needed when the composition involves more than two composites.

Example 2

Differentiate 
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We let 
[image: image21.wmf].

3

2

;

sin

;

ln

2

+

-

=

=

=

x

x

t

t

u

u

y

 Using the chain rule gives
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When you get used to this method you may find that you do not need to define the intermediate variables (u and t in Example 2) explicitly, but that you can just write down the answer by performing the successive steps without substitution.

The next example tries to illustrate this process.

Example 3

Differentiate 
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)

÷

÷

ø

ö

ç

ç

è

æ

÷

÷

ø

ö

ç

ç

è

æ

+

=

2

1

2

1

ln

cos

x

y


To illustrate the internal thought processes we shall label the components of this composite function:
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When you really get used to applying the Chain Rule you should find that you simply write down the first line of the equation above, performing the actual steps of the chain rule mentally.
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