Question
(i) / (322 +7) dx
(ii) / sin? ¢ cos z d
(iii) / cos® z d
(iv) / cos* z de
(v) / secz dz

- / zdz

(vii) /sm x cos® z dx

2
(v111)/ Sxd:c

2:c+

(ix) /7 \;;):Tf

& [ = d””xz

(x1)/ (x —2)dx
(2 —4x —5)

(xii) / (2 +6x—|— 17)

(xiii) / (2x + 5) dx
X
(2 + 4x + 5)




Answer
(i)
/ r(32* +7)dx
3zt Tx?

either/(3x2+7m)d$ T—I—T—'—C A

d

or spot that d—[(3x2 +7)? 4+ =2-62(32> +7) = 122(32% + 7)
x

so that “by inspection”

1 d

r(322 +7) =
Check evaluate B:

1 3 7 49
(Sx +7)? +01:E(9m4+42x2+49)+01 “x +i+( +c1)

12(3x +7%+¢ B

12 4 2 12
Since it’s an indefinite integral and integration constants are arbitrary A = B

. 49

if c= T2 + c1.

Of course with integrands as simple as this you'd do it using method A.
However, if T had asked for [x(3z* + 7)*dr, method B might have been

d [1
quicker on spotting that [ (32 + 7)*dr = . [30(3 +7)° + ]

(ii)
/ in* z cos x dx: spot that
d

1
. —(sin® 7) = 5sin* :z:cosx:>/sm rcosxdr = 5/d 81n5x)dw:gsin5w+c

(check by dlfferentlatlon)

= f(x)+c Standard result: the integral undoes the deriva-

tive.

(iii)
/ cos®’ rdr = / cos* z cos z dx
= /(1 —sin®z)? cos w dx
= (1—2sin’z + sin* x) cos z dx

4

= /(cosa: — 2sin® x cos x + sin® z cos z) dz

= sinx—gsin?’x—i-gsing’x—l—c

1
NB cos?z = 1 — sin?z and /stxcos:E: gsm3$+c




(iv)
/cos4 rdr = /(0052 r)? dx
1
= 1 /(1 + cos 21)* dx
(since 2cos?z — 1 = cos 2x)

1
= —/(1+20082x+00522x)d95

f

1
= /[1+20052x—|—§(1+0084x) dz

4
(since 2 cos?(2x) — 1 = cos4x)

1 3 1
= Z/(§+20032x+§c084x> dx

= — <2m—|—sin2$—|— 851n4m> +c

4
5 Gnor s+ L gindr 4
= — + —sin2x + —sindx + ¢
8 4 32°
(v)
secx dx
f'(x)

This can be written as a function of the type (o)

x
How? Consider

f(z) =secx +tanz

"(x) = secxtanx + sec?
f(z)

Th f'(x)  secxtanz +sec’zr  secx(secx + tan)
us = = = secx
f(z) secx + tanx (secx + tanx)

Now:

P
L f(x)
/secxdaz _ / sec z(sec x + tan x) dp — / {;((;U)) i

(secx + tanx)
where f(x) =secx + tanx

(standard derivative)

dx = In[f(z)] + ¢ (standard integral)

Therefore / secx dr = In[secx + tanx] + ¢




(vi)
xdx
v —2
Try substitution
U= x—2:(x—2)%

d 1 1
:»—z—ﬁ@—z)*a
:>£:2(x—2)%
andalsou’? =z —2=x=u>+2
So

z dx Tz dx

:/ —du
v —2 (g—Q)du
us + 2
/ — vV U
- 2/(u2—|—2)du
2
= “uwd+du+tc

= gu(u2 +6)+c

Now have to replace u by (z — 2)2

S0
d 2 1 2




(vii)
sin? z cos® z dx

Try substitution

U =sinx
du
= — = COST
T
T 1
= — =
duy cosz
Therefore p
/ sin?zcos®rdr = / sinzxcos?’x—x du
Y dx
= /siancos2xcos x— du
U
dx
.9 .9
= 1-— —d
/sm z(1 — sin” x) cos - du
= /u2(1 —u?)cosx du
CcoS T
= /(u2 —ut)du
woud N
= —— —+4c¢
3 5
e
= B(5 —3u®) +c¢

Replace u by sinzx to get:

/sin2 zcos® vdr = G sin® 2(5 — 3sin® ) + ¢




(viii)
/2 S8x dx
1 2z +1)3
Try substitution
1

u:2x+1:>x:§(u—1)
dr du 2
Under this substitution the interval 1 < 2 < 2 maps onto 3 < u < 5 (when
r=1u=2x1)4+1=3 whenz =2, u=(2x2)+1=05)
Hence,

/ 8T

(2z +1)3

~ Jam (224 1) du "
u=58 x s(u—1) 1

= e —ug X 5 du

- 2], (-a)

= (7[2 ) du

= [—1+u]5

NB keep the u ranges in the limits since we have an answer in u
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(ix)

/% cot x J
T

T Vesedx

Let u = cscx

du dx -1
— =—cscxcotr = — = ————
dz du cscxcotai

When z =

,u:csc = =—=2

When 2z = -, u=csc— = —
2 sing

So%ﬁxﬁ%mapstoQﬁugl.
Hence:

jus

5 cot x dx

vesed x

v=% cotx dx

g=1 \/csc3 du

u=1 _1
_ / o (Gars)
u=2 _u1§ cscxcotx

U

N[y o

du

u 2 u2 cscx

since — / x)dr =+ / x) dx check from definite integral limits
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(x)

Could use standard integrals or if none available, let
r=3sinu, 0<r<3—-0<u<i

dz

— = 3cosu

du

Hence
3 3dz 3 3 dx

/ dr = —du
0 V9 — z2 0 V9 —22du

3 3
— 3 cosudu
/0 V9 — 9sinu
$3-3cosu
- / 2 ICoSU
0

L 3cosu

= 3/5 du
0
[ulg

37
2

(xi)
/ (x —2)dx
(22 — 4 — b)

: . . . ar +
Use partial fractions since it’s of form b

yx? +0x + €
First we have 2* — 4z — 5 = (z + 1)(z — 5) factors: (z + 1), (z —5)

So we seek A, B such that
x—2 A B

= +
(x4 1)(x —5) (x+1) (z-—5)
= (x—2)=A(x—-5)+B(z+1)
Equating coefficients of x and numbers on LHS and RHS = 1= A+B, -2 =
—bA+ B

Solving gives A = %, B = %
(x—2)dx 1 dx 1
/(372—41:—5) = %/(x+1+21/dx(x 5)
= %10g(x+1)+§10g(x—5)+c
So = %log[(x +1)(z —5)] +ec

= §log(x2—4x—5)+c

or = log(va%2—4x —5)+c
or = log(kva?—4x—5)+c




k = arbitrary constant
f'(z)
f(z)

x—2 2x — 4 f(x
I — h =z°—4x -5
/(x2—4x— 2/x2 iz —5 / Weref() v

Check for yourself that the answers are 1dentlcal (up to arbitrary constants).
(xii)
/ dz

(22 + 62+ 17)

Now 2% + 62 + 17 = (v + 3)* + 8
So

method since

NB could also do this using the

dx B dx
/(a:'2—|—6x+17) B /(:c—|—3)2—|-(\/§)2

Now set u =x+ 3, du =dx
d
= / L where a = /3
u? + a?
u
= —arctan (— + ¢ by standard integral
a

1 x+3>
= —arctan| ———| +¢

V8 V8

NB Could you have used partial fractions here?

(xiii)
/ (2z +5) dx
(22 + 4z +5)
f'(x).
f@)

Could try partial fractions or spot type

do this way.

d
d—(x2+4x—|—5):2x+4
x

Hence

/ 20+ 5 J
——dx
2 +4x +5

_ /(2x+4)dx / ldx

22 +4x +5 :c2+4a§l+5
= log(a? + 4z + 5) +/

r? +4x +5 (standard integrals)
In ( > type integral and integral of type (xxiv)

dz
=1 4 5) /—
og(x? + 4z +5) + CESEESE

= log(z® + 4z + 5) + arctan(z + 2) + ¢




(xiv)

/(iﬁ)

Partial fractions won’t work: divide out.

2 m 1
z+1 r+1
This comes either from
PICTURE
x? 1
= =(x—1
r+1 (@ >+<x+1)
w?  2?-141 x2—1+ 1
r+1  z+1 x4+ r+1
or (x —1)(x+1) 1
T (x+1) x+1
1
— 1)+ —
(v )+x+1
Th /I2d /9 1)d +/ o T gz 1)+
us T = T — T = — —x+log(z c
r+1 (x+1) 2 &

10



