
Question

Let {Sm} be a sequence of sets.

Let Hn = Sn ∩

(

⋃

m<n

Sm

)C

Show that Hm ∩Hn = φ for m 6= n, and that
∞
⋃

n=1

Hn =
∞
⋃

n=1

Sn

Answer

Suppose without loss of generality m < n

Hn = Sn ∩
⋂

t<n

(St)
C ⊆ (Sm)C

Hm = Sm ∩ (
⋃

t<m

(St))
C ⊆ Sm

Hence Hn ∩Hm = φ

Since Hn ⊆ Sn,
∞
⋃

n=1

Hn ⊆
∞
⋃

n=1

Sn

Now suppose xε
∞
⋃

n=1

Sn. Let r be the smallest integer such that xεSr, then

x 6 εSm, for m < r.
Therefore xεSr ∩ (

⋃

m<r

Sm)C = Hr

Therefore xε
∞
⋃

r=1

Hr.

Hence the result.
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