™

Question Let I, , / % §in™ g cos™ z dz. Prove that I = I, . By differen-
0

m—1
tiating sin™ !z cos™ ! x, prove that Iy = ( > I on
m+n

us

2 .
Answer I, ,, = / sin™ x cos™ x dx
0

jus

2,
Now 1, = / sin” x cos™ x dx (reverse n and m)

cos (— — a) =sina
Now = standard trig. results
sin (— — &) = Cos
2 T
So in I, ,, substitute z = 5~ u.
dr = —du
T
S{T=5 7 U= 0
™
=0 — u=—
2
Then o
v 7
Inm = — du sin™ (— — u> cos™ <— - u>
z 2 2
0
= Lym = —/ du cos™ usin™ u
3
= Iym =+ / * dusin™ ucos™ u (reverse sign by integral property [° = — %)

0
= Lym = Imn (as defined above) as required.

Differentiate sin™ 'z cos™ ™ x

d—(sinm_1 rcos" ™ x) = (m—1)sin™ ?xcosxcos" ! x
x
— (n+1)cos" zsinxsin™ '

= (m—1)sin™ ?xcos" ' x
— (n+1)gin" zcos"
look familiar?
In other words, rearranging for sin™ x cos™ z we have:

d
(n+1)sin™xcos”x = (m — 1)sin™ 2z cos"*2x — d—(sinm’1 zcos" ! x)

e



or, integrating both sides:

—1) /=
/2 sinzcos" xdxr = ((m+ 1)) /2 sin™ 2z cos"? xdx
0 n 0
1 % d coom—1 n+1
- —(sin™ "z cos"" x) dx
N n+1Jo dz
™ -1 z
/2 sinzcos" xdxr = (m ) /2 sin™ 2z cos" 2 x dx
0 (nl—i- 1) Jo
o IiT sin™ 2 z cos" ! 2]
(since [} dx(L) = [f15)
—1) r=
ie. Ly, = ((m+ 1)) /2 sin™? z cos" 2 xdxr — 0
n 0
sin™ 2 xcos"™t?r = sin™ %xcos™ xcostx
Now write = sin™ ?zcos” (1 — sin® 1)
= sin™ ?xcos™ x — sin™ x cos™ x
Thus, we have
—1) r=
Iyn = ((m+ 1)) /2 sin™ 2 z cos™ x dx
n 0
— (1) / sin™ x cos™ x dx
n 0
-1 -1
’ (n+ 1)( ’ (n+1) ™
m —
= Imn - —]m— n
’ (m+mn) 2




