Question

(a) An up-and-out barrier Put option is identical to a European Vanilla
Put, save for the fact that if any time during the life of the option
the asset price exceeds the barrier B, the option instantly becomes
(and remains) worthless. Assuming that the underlying asset pays no
dividends, explain briefly why the fair price V' of the option must satisfy
the boundary value problem

1
Vi + 50252‘/55 +rSVs—rV =0, (S < B),

V(B,t)=0, V(S,T)=max(E—S,0), (S< B).

(Here as usual the asset value, strike price, volatility and interest rate
are denoted by S, E, o and r respectively.)

(b) Assume now that for a particular up-and-out Put B E. Show that if
U(S,t) satisfies the Black-Scholes equation and V' is defined by

K
where K is an arbitrary constant, then V' also satisfies the Black-Scholes
equation provided n takes a specific value (which you should deter-
mine).
Hence or otherwise show that the fair value of and up-and-out barrier
Put is given by

S 1-2r/0? )
V = Pps(S, 1) — (E) Pus(B*/S,1)

where Pgg denotes the value of a European Vanilla Put.



Answer

(a) An up-and-out barrier option is just like a normal Put until the barrier
is reached, and so satisfies Black-Scholes.

1
=V, + 502521/55 +7rSVs—rV =0 (S < B)
As soon as S = B it is worthless

= V(B,t) =0
(as this must apply instantaneously and for all time.)

Provided S < B the payoff is just that for a Euro Vanilla Put and thus

V(S,T) = max(E — S,0).

(b) Now U(S,t) = S"V(n,t), (n=K/S)

=U = S"V,
Us = nS" 'V - KS"?V, =nS" 'V —nS" 1V,
Uss = n(n—1)S"2V —nS"nV, — (n—2)S" *nV,
+n?S" TV,

Now U satisfies Black-Scholes so

1
U, + 50252U53 +7rSUs—rU =0

1
=  S"W,+ 50252 {n(n —1)S" 2V —nS" 2V,
_(n - 2)7]‘3”72‘/;7 4 7]251”72‘/1717}
+rS [nS”_lV — nS”_an} —rS"V
=0
Thence

1
Vi+ 502 {(n2 —n)V —nnV, —n(n —2)V, + 772‘/},77}
+rn[V]—rmV, —rV =0
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so that

1 1 1
Vi+ 502772‘/1717 + Veta [—5027”) —rn—n(n— 2)5‘72}

0.2

+V[2(N2—n)+r(n—1)] =0

1
Vi+ 5027721/,777 + 1V, [—7" —0?[n — 1]]
1
+(n—1) {r + 57102} V=0
To get Black-Scholes out of this we need

—r—o*(n—1)=r

2
:>n:1——2
o
But then
1 2 1 2
(n—1) {r+§n02} :—U—Z[r+§02 <1—U—Z>} =—r

Thus with n = 1 — 2r/o?, V satisfies the Black-Scholes equation
L 5,
V}—f—ia NV, +rnV, —rV =0.

Since Black-Scholes is linear we may add solution. So consider a solu-
tion of the form

V = PBs(S, t) —+ AS“PBS(K/S, t)

where A is a constant and n is chosen as above.
We have:-

(i) This satisfies Black-Scholes VA, VK
(ii) We need V(B,t) = 0. Thus

0 = Pps(B,t) + AB"Pps(K/B,1).

Clearly this condition holds if we set K = B> and A = —B™"



Thus
V = Pps(S,t) — (%)nPBS(Bz/sa t), (n=1-2r/c%

Finally we must check the payoff.
At expiry

V(ST) = Pus(5,T)— () PusB/5,7)

= max(E—S,0)—-0

since if £ < B the second term is max(E — B%/S,0) = 0.



