
Question
A massless spring of natural length b and spring constant k connects two
particles of masses m1 and m2. The system rests on a smooth table and
may oscillate and rotate. Find the Lagrangian of the system in terms of
(x1, y1), the Cartesian coordinates of m1 and (r, φ) the polar coordinates of
the relative position of m2 to m1. Show that

(a) m1ẋ1 +m2ẋ2 = constant and m1ẏ1 +m2ẏ2 = constant.

(b) r̈ − rφ̇2 + ẍ1 cosφ+ ÿ sinφ+
k

m2

(l − b) = 0.

(c) Find the equation of motion for φ.

Answer
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φ

x2 = x1 + r cosφ
y2 = y1 + r sinφ
ẋ2 = ẋ1 + ṙ cosφ− rφ̇ sinφ (∗)
ẏ2 = ẏ1 + ṙ sinφ+ rφ̇ cosφ

L = K.E.− P.E.
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(m1 +m2)(ẋ
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+ ẏ2

1
) +
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m2(ẋ
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2
+ ẏ2

2
)−

k

2
(r − b)2

=
1

2
m1(ẋ

2

1
+ ẏ2

1
) +

1

2
m2(ṙ

2 + r2φ̇2) +m2ṙ(ẋ1 cosφ+ ẏ1 sinφ)

+m2rφ̇(ẏ1 cosφ− ẋ1 sinφ)−
1

2
k(r − b)2

Equations of motion
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(a) x1:

d

dt
[(m1 +m2)ẋ1 +m2ṙ cosφ−m2rφ̇ sinφ] = 0

⇒ m1ẋ1 +m2ẋ2 = constant, (using(*))

y2:

y2 : Similarly gives m1ẏ1 +m2ẏ2 = constant, (using(*))

(b) r :

d

dt

(

∂L

∂ṙ

)

−
∂L

∂r
= 0 gives the required answer after some algebra.

(c) φ:

0 =
d

dt
(m2r

2φ̇+m2r(ẏ1 cosφ− ẋ1 sinφ))

−(m2ṙ(− sinφẋ1 + cosφẏ1) +m2rφ̇(−ẏ1 sinφ− ẋ1 cosφ))

Therefore

0 = 2m2φ̇ṙr +m2r(ÿ1 cosφ− ẍ1 sinφ) +m2r
2φ̈+

m2ṙ(ẏ1 cosφ− ẋ1 sinφ) +m2rφ̇(−ẏ1 sinφ− ẋ1 cosφ) +

m2ṙ(ẋ1 sinφ− ẏ1 cosφ) +m2rφ̇(ẏ1 sinφ+ ẋ1 cosφ)

Therefore

φ̈+ 2
φ̇ṙ

r
+

cosφ

r
ÿ1 −

sinφ

r
ẍ1 = 0
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