QUESTION
Prove the following facts about the Dirichlet product f *x g of arithmetic
functions f and g:-

(i) If f and g are multiplicative, so is f * g.
(i) [eg=g/

(i) (f*xg)xh=fx(gxh).

ANSWER

(i) Suppose ged(m,n) = 1. We need to prove (f x g)(mn) = (f * g)(m)(f *
g)(n). to see how to perform the manipulations, it helps to write both
down:-

(F+g)mn) = X f(d)g ()

dlmn
and

(f * 9)(m)(f * g)(n) =" f(d) ()Zf ()

dlm dln

It is probably easier to manipulate the second expression to get the
first. First we will use different symbols for the divisors of m and the
divisors of n (at present d is used for both ) and then we’ll combine the
sums:-

(A o)) = 3 f(ag () 3 s ()
oL ) e ()
= T s (G)e(3)

Now ged(m,n) = 1, so if di|m and ds|n then ged(dy,dy) = 1 and
ng(d1> = ) = 1, so our sum becomes 3=y . 4,10 f(d1d2)g <d1d2)

Now noting that as d; ranges over the divisors m and dy over the
divisors of n, dydy ranges over the divisors of mn (since ged(m,n) = 1),

we see that this is Y g, f(d)g (%) = (f % g)(mn) as required.
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(ii)

(iii)

Similarly

fxg(n)

((f *g)*h)(n)

> s (5)

dn

Z f(di)g(dz)

dida=n

Z f(di)g(dz)

Z f(d2)g(dy)

dido=n

S5 (%)o@ =g f(n).

dn

S ) ()

din

> (f*g)(di)h(da)

dida=n

P (Zf(d>g (fg))h(da
> (2 f(d)g(e)) h(d)

dida=n \de=d;

> fld)g(e)h(dr)

dedg=n

Y. fldi)g(da)h(ds).

didad3=n

> f@gn (4)

dln

> fd)(g = h)(da)

didos=n

P (%g(d)h (%))



= 2 f%)(; g(d)h(e))

dida=n

= > fld)g(d)h(e)

dide=n

= > f(di)g(dz)h(ds).

didad3z=n

These are the same, so ((f * g) * h) = (f * (g * h)) as required.



