Question
In a simple random walk on 0,1,2,...,a there are probabilities p,q and
1 —p—qofastep of 1,—1 and 0 respectively . There is a reflecting barrier
at 0 defined by:

P{X, =0/X,.1=0}=1-p,

P{Xn = ]-|Xn—1 = O} =D,

and an absorbing barrier at a.

Derive a difference equation for the expected number, E., of steps from a
start at z (0 < z < a) until absorption occurs. Find E, for the two cases
p=gqandp#q.

What is the difference in the expected duration between walks starting at 0
and starting at 17

Answer

For 0 < z < a,
E.=p(l+E.)+ql+E1)+(1-p—q(l+E)
=pE.—(p+@E+qE.1=-1

The auxiliary equation is pA> — (p+ A +q¢=0= X =1, d

For p # ¢ a particular solution is £, = cz and substituting in the difference
1

equation gives c = ——

So the general solution is

EZ:A+B<@> +° 0<z<a
p

Boundary conditions:
a

Ea:OSOO:AJrB(g +
p q—7p
Ey=p(1+E)+(1-p)(1+Ey) = 1+pEi —pEy =0
1
So 1+p<A+B(€> _) platB) =0
p)4q4—"p
Solving the two equations for A and B gives

B q g CL_ a _ q Q z VA
EZ_(q—p)2<p> q-p (q—p)2<p> T

a

A B
For p = ¢ the auxiliary equation has equal roots A = 1, so the general solution
1
is A+ Bz. A particular solution will be cz?, and substituting gives ¢ = ~5
4



2
SoE,=A+ Bz— —
2p
The boundary conditions are as above, and give
2
a
= 0=A+ Ba— —
(z=a) + Ba o

1
(z=0) 1:p<A+B—%>—p-A:O
2

1
from which Fy — E; = —

p
Alternatively this equation is simply a rearrangement of the boundary con-
dition at z =0



