Question

Let Dy be the hyperbolic disc in the Poincaré disc D with hyperbolic radius
s, and let s be the hyperbolic circle with hyperbolic radius s that bounds
D,. Describe the behavior of the quotient

lengthp (Cy)
areap (Dy)

q(s) =

as s — 0 and as s — 0.

Compare the behavior of ¢ with the analogous quantity calculated using a
Euclidean disc and a Euclidean circle.

Answer

We know from exercise sheet 8 that lengthp(Cy) = 27 sinh(s).
To calculate areap(Dy):

Recall that the euclidean radius of D, is R = tanh(s), and so

2m
areap(D;) = / / \z| 5 dx dy
B /QW/R 4rdrd0
B 1—1r?)?
rdr
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1 R
= 87 5(1 —r?)

47(1 — 1+ R?)
1 - R?

47 tanh®(1s)

1 — tanh*(1s)

1
= 4dm sinh2(§s)



and so

lengthp (Cs) 27 sinh(s)
q(s) = - 1201
areap (Ds) 4 sinh”(55)
47 sinh(3s) cosh(3s)
47 sinh®(Ls)
cosh(s)
sinh(12)

1 =1
658 + 675

1 —1
e25 —e2 ¢

e+ 1
es —1

as s — 00, q(s) — 1.
as s — 07, ¢(s) — oo (since numerator — 2 and denominator — 0.)

The analagous euclidean quantity is

_ lengthp (Cy) 275 2

a(s) = areap (D) T rs? s

as s — 00, qr(s) — 0 (different from ¢(s)).
s s — 0% q(s) — 0 (as q(s))



