QUESTION
Solve the following system of linear differential equations subject to the initial

4 dr _ dy _ dz _ _
conditions G¢ =4, < =20, % = —48 when

dzx
(s
@ -1 -1 -5 Z
dt

ANSWER

The general solution is

x
( Y ) = k1vieM! 4 kyvoe?t + /{:3V3e’\it3
z

where k1, ko, k3 are arbitrary real constants, vy, vo, v3 are the eigenvectors
of A and \;, A9, A3 are the corresponding eigenvalues.
4 0 -1
WhenA=| —1 3 1 | theeigenvalues \; satisfy (4—\)((3—X)(—=5—2X)
-1 -1 =5
+1)—(14+B=A)or (4=XN)(B3=AN)(=b—=XN))soA; =4, Ay =3, A3 = 5.
Eigenvectors are:

/\1 =4
0o 0 -1 1
1 -1 1 |vi=0=vi=] -1
-1 -1 -9 0
)\2 :3
1 0 -1 1
-1 0 1 vo=0= vy = -9
-1 -1 -8 1
A3 =—H
9 0 -1 1
-1 8 1 vi=0= vy = —1
-1 -1 9



dz 1 1 1
Wl =dky | =1 |e"+3ky | —9 | € —Bks| —1 | e
& 0 1 9

so initial conditions give

4 4 3 -5 ky
20 = —4 =27 5 ko
—48 0 3 =45 ks

adding rows 1 and 2 gives

4 4 3 -5 kq
24 = 0 —23 0 ko = ko= —1
—48 0 3 —45 ks

SO —3 —45ky = —48 = k3 =1 = 4ky — 3 —5 =4 = k; = 3 to give the

solution
T 3 1 1
y | =] =3 |ef"—| =9 |+ -1 [
z 0 1 9



