Question
Evaluate the following limits.

1. lim,_o(1 — cos(mz))/ sin®(7x);

2. lim, (2" +1)/(z® + 1);

3. lim,_.3(1 + cos(mx))/ tan?(7z);

4. lim; (1 — 2+ In(2))/(1 + cos(mx));

5. lim, . (In(x))Y/*;

6. lim, .o(z? + x — 6)/(z* — 4);

7. lim, o(x + sin(2zx))/(x — sin(2x));

8. lim, o(e* —1)/2?

9. lim,_o(e* + e — 22 — 2)/(sin®(x) — 2?);
10. lim, o In(z)/x;
11. lim, o(2® — 2% — 2 — 2)/(2® — 32% + 3z — 2);

12, lim, g (2® — 22 — 2+ 1) /(2 — 22° + z);

Answer
[Note that for some of these limits, we do not need to use as heavy a piece
of machinery as 1’'Hopital’s rule, just some clever simplifying.]

1. since this limit has the indeterminate form % (since both lim, ,5(1 —

cos(mx)) = 0 and lim,_, sin®(7z) = 0), we may use 'Hopital’s rule:

. 1 —cos(mx) . 7 sin(mx) _ 1 1
lim —————= = lim — =lim —— = —.
=2  sin®(7mx) e—2 2 sin(mx) cos(mzr) @2 2cos(mx) 2

(Note that we may also evaluate this limit without I’'Hopital’s rule,
using the trigonometric identity sin?(#) + cos?(f) = 1, as follows:
1 — cos(mx) 1 — cos(mx) 1

1
lim —— 5 = lim = i =
) sin? () 21— cos?(mzx) s2 1+ cos(mx) 2 )



2. again, here we have the choice of factoring or using I’Hopital’s rule. I
feel like factoring:

.oa'T+1 (D@t -t -2 -2+ 1)
lim = lim
e——1 73 4+ 1 z——1 (x+1)(z2—2+1)
ot -t —r+1 07
= lim = —.
z—-—1 2?2 —x+1 3

3. write tan(z) = sin(z)/ cos(z) and simplify:

1 + cos(mx) " (1 + cos(mx)) cos?(mx)
2 = lim
23 tan?(mr) 23 sin®(7x)
1 2 2 1
~ im (1 + cos(mz)) cos®(wx) _ fim _cos*(wx) L
z—3 1 — cos?(mx) -3 1 —cos(mx) 2

4. as this has the indeterminate form %, and since there seems to be no

easy simplification possible, we use I’Hopital’s rule:

l—z+1In(x) . -1+1
im——— - = —r
e—1 14 cos(mx)  z—1 —msin(mz)
Since this limit still has the indeterminate form %, we may use I’Hopital’s
rule again:
-1+ -5 1
lim ———=&— = lim ——& = ——|
e—1 —msin(mx)  @—1 —72 cos(mx) 2

5. this has the indeterminate form oo®, and so we rewrite it:
1/x .
lim (In(z))* = lim (eln(ln(w))> e _ Qlima—oc In(In()) /2

The exponent has the indeterminate form 22, and so we may use

I’Hopital’s rule:

lim In(In(x))

r—00 €T r—00

Hence, we see that

lim (hl(.’lj‘))l/z — elimggﬂoo In(In(z))/z _ 60 —1.

r—00



10.

11.

12.

. factoring, we see that

. 2*+zxz—-6 . (x—=2)(z+3) . x+3 5
lim ——— = lim = lim = —,
—2 2 —4 =2 (x —2)(x+2) =-2x42 4

as this limit has the indeterminate form %, we may use I’Hopital’s rule:

r+sin(2r) . 1+2cos(2r) 1+2

Bk Sk A = = —3.
e—0 1 —sin(2z) «—01—2cos(2z) 1—-2

. since this limit has the indeterminate form 2, we may apply I'Hopital’s
rule:
I 635—1_1, e’ 1 e’
acli% x2 _zli%ng_:vlir(l)Q_oo.

(The second equality follows from applying I’'Hopital’s rule a second
time, which is valid since the limit still has the indeterminate form °2.)

. in this limit, though we need to check at each stage, we will apply

I’Hopital’s rule four times, as the original limit has the indeterminate

form %, and each of the first three applications of I’'Hopital’s rule results

in a limit still in the indeterminate form %.

et —g2—-2 et —e ¥ — 2 et —eTT -2
lim —5 = lim — = lim———
=0  sin’(x) — 22 z—0 2sin(z) cos(z) — 2z =0 sin(2zr) — 2z

. et e =2
= lim—"———
2—0 2 cos(2x) — 2
I et —e "
= lim ———
2—0 —4 8in(2x)

et 4+ e %

| 1
m ——— = ——.
@—0 —8 cos(2x) 4

this limit has the indeterminate form 2, and so we apply I'Hopital’s

rule:

here, we first attempt to evaluate the limit by factoring, a sensible first
step for limits of rational functions:
w3 —a?— 12 - (z=2)(a*4a+1) . aP4a4+1l T

I —1 —lm 2 ET L
202 23 — 322 1 31 — 2 xl—%(x—Q)(a;Q—x—i—l) 222 g1 3

again, we first attempt to evaluate the limit by factoring:
32?2 — 1 —1)(2? -1 1
lim &7 T = lim (@ )@ ) :limi:

= 2.
z—1 g3 — 222+ e—1  x(r—1)2 =1




