Question

a) The function f(z) of the complex variable z = z + iy is differentiable
in a domain D. Use the Cauchy-Riemann equations to prove that for

zin D,
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provided f(z) # 0.

b) Verify that the function u(z,y) = e cosx is harmonic. find a function
v(z,y) so that f = u + v is a differentiable function of the complex
variable z = x + 7y.

Write f as an explicit formula in z.

Answer

a) Let f =wu+iv. Then |f|* = u® + v%
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So 2|f| e T 2o,
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and 2\f| 75" = 2ug + 2vg = —2ugst v

squaring and adding gives
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SO provided f (z) # 0, dividing by |f]? gives the result.

b) u=eYcosx
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So — = —eYsinz and A5 = —eYcosz
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Hence — + —— = 0 i.e. uis harmonic.
ox?  Oy?
ou ov
Now — = —eYsinx = —, so v = —eYsinx + ¢(x
e 9y ¢(x)
0%u ov
— =eYcosx = ——,80v=—e’sinz +
o 2 ¥(y)
Thus v = —eYsinz + C' (constant)

Now f =u+iv=eY(cosx —isinz)+k
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