Question
Determine whether the following improper integrals converge or diverge, and
evaluate those which converge.

1. [y do/2%/?;
[7ode/(x 4+ 1);
J52 dz/(x —1)%;
Jo dzx /(9 — @)%/
J=% dx/(z + 1)%;
JEy da/xt/3;

J52 da/(x — 1),
[ zdx/(2? + 4);
Jo eV*dz/\/z;

J7° dz/z In(z);
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Answer

3/2

1. this is an improper integral because 1/z%* is continuous on (0, 4] and

lim, o4 1/2%/% = co. So, we evaluate:

4 1 4 1
/ dr = lim dx
0

232 oot J, 232

4
= lim %% dg

c—0+4+ J¢

. 2 n 2
= lim (—=+ —&

=0t VA Ve

= —142lim —= = oo,

1
c—0+ \/E

and so this improper integral diverges.

2. this is an improper integral because the interval of integration is [1, 00),
which is not a closed interval. So, we evaluate:

/ dr = lim / dx
1 x+1 M—coJ1 41

= lim {ln(M +1)—In (;)] = 00,

—00

and so this improper integral diverges.
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3. this is an improper integral, as the interval of integration is [5, 00),
which is not a closed interval. So, we evaluate:
00 1 M 1
————dr = lim ———dx
/5 (z —1)3/2 M—oo )5 (x —1)3/2

M
= lim (z—1)"%2d
M—o0 J5

= lim

41| =1,
i ||

and so this improper integral converges to 1.

3/2

4. this is an improper integral because 1/(9 — z)%/* is continuous on [0, 9)

and lim,__ 1/(9 — 2)%? = co0. So, we evaluate:

9 1 c 1
/ ————=dzr = lim ———dx
o (9

— z)3? 9 Jo (9 — z)3/2
= lim [ (9—2)"%%dz
c—9—Jo
I 2 n 2
= lim |—= 4+ ——| = o0,
—9-1 3 +9-—c

and so this improper integral diverges.

5. this is an improper integral, since the interval of integration is (—oo, —2]
and so is not a closed interval. So, we evaluate:

—2 1 ) -2 1
/—oo (x+1)3 o = Mlin—loo M (z+1)3 de
= lim [—1 ! + 1 1 ] = _1
M——co | 2(=241)2 2(M+1)? 2’

and so this improper integral converges to —%.

6. this is an improper integral, since the integrand is not continuous on
[—1,8] as it has a discontinuity at 0. Hence, we can break it up as the
sum of two improper integrals:

8 0 8
/ dz /'3 :/ da /' +/ dx /x/3,
-1 -1 0

and we have that [®, da/z'/3 converges if both [, da/z'/3 and [ dx/2'/?
converge. So, we evaluate:

0 c
/ 1dm: lim 1dx

-1 1‘1/3 c—0—J_1 1‘1/3
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C
= lim B3 dx
c—0— /1

3 3 3
=0 |2 2 2

Y

and

8 1 8 1
/ dr = lim dx
0

;[1/3 c—0+ J¢ (L‘l/?’

8
= lim r V3dx

c—0+ Je
_ : 3 2/3 3 2/3:| _
= cli%lJr 28 26 =6.

Since both these improper integrals converge, we see that the original
improper integral [, dz/z'/% converges to 2.

. this is an improper integral, since the interval of integration is [2,c0)
and hence is not a closed interval. So, we evaluate:

ol g - w1 g
/2 (x—1)1/3 S e 2 (x—1)1/3 .
M
= lim (z —1)"3dz
M—oo J2
3 3
= lim {—(M—1)2/3—— = 00,

and so this improper integral diverges.

. this is an improper integral since the interval of integration is (—o0, o)
and hence is not a closed interval. We evaluate this improper integral by
breaking it up as the sum of two improper integrals [0 zdx/(2?+4) =
[0 xda/(2? +4) 4 [° xzdz/(2? + 4), and evaluating the two resulting
improper integrals separately. So,

0 T ) 0 T
/—ool'2+4dx - Mligloo MZL‘2+4dx
S SR 1
— lim_ [§ln(M +4) = 5 In(4)| = oo.

Since one of these two improper integrals diverges, we don’t need to
evaluate the other one, as the original improper integral [°_ xda /(22 +
4) necessarily diverges.



9. this is an improper integral, as the integrand is continuous on (0, 1] and
lim, .o, eV¥/\/z = 0. So, we evaluate:

dx

dr = lim

VT =0+ Je \x
= lim (2—2V0) =2,

c—0+

1 Ve 1 Ve
J

and so this improper integral converges to 2.

10. this is an improper integral, as the interval of integration is [1, c0) and
so is not a closed interval. Moreover, the integrand is not continuous
at 0 but lim, 14 1/zIn(z) = oo, and so we need to break this im-
proper integral into the sum of two improper integrals [ dz/z In(z) =
JEdz/xIn(z) + [5° dz/x In(z), and evaluate the two resulting improper
integrals separately. So,

2 1 . 21
/1 xIn(x) o = clirﬂt/c zIn(z) de
= CEIP+(ln(ln(2)) —In(In(c))) = oo,

and so this improper integral diverges, and so the original improper
integral [{°dz/xIn(x) necessarily diverges.



