Question
Calculate the eigenvalues and the corresponding eigenvectors for each of
the following matrices:

(i)(é _;>; (ii)<_§ g) (iii)(_lll _§>;
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A—lSolve(O 1><y>—<0>ory—0

Let © = o, y = 0 so a suitable eigenvector ( g )

s (53 0)(5)-(4)

or —xr—y=0=>y=—x

‘:(1—)\)(2—)\):0:>)\:1,2.

Let x = 3, y = —f3 so a suitable eigenvector < _ﬁﬁ )
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(ii) |3__1A 0y ‘—(3—)\)(2—)\)+5—)\2—5)\+11—0
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No real roots, so no real eigenvectors.
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A =142v2

e (P27 L) (0) = (5)

1



(iv)

" (3-2V2)x+y = 0}
—r—(3+2V2)y = 0

Let 7 = a, so y = —a(3 — 2¢/2)

Note from second equation:

 —a —a3-2v2)  —a(3-2V72)
YT31 2 B12v2)3-2v0) 1
Suitable eigenvector: ( a(2\/% _3) )
A=1-2V2

e (" ) ()-()
(B+2V2)z+y = 0}

—r+(=3+2V2)y = 0

Let z = 3, s0 y = —3(3 + 2V/2)

So

: . _ 6]
Suitable eigenvector: ( B3 +2v3) )

cosf — \ sin @

Csinfd cosf — \ |:(c089—)\)2+sin29:

A2 — 2\ cosf + cos?h +sin?0 = X2 — 2 cosf+1=0

B 2cosf £ +v/4cos?0 —4

A
2

=cosf Lt isinb.

If sin @ # 0, then no real solutions, so no real eigenvectors.

If sinf = 0, then repeated eigenvalue \ = cos 6 with eigenvector equa-

(0 0)(7)-(5)

je. WX - r=a eigenvector a
oanyy = y=p g

(So any non-zero vector in the xy-plane is a suitable eigenvector)



(v)

cos 260 — \ sin 20
—sin260  cos20 — A\

so A = =£1.
Assume sin 26 # 0

cos20 — 1 sin 20 x 0
ESOlm( sin 20 —c0829—1><y>:<0)
(cos20 — 1)z + (sin2f)y = 0 }
(sin20)x — (cos20+ 1)y = 0
(1 — cos 20)
sin 260
Suitable eigenvector: ( (l_cf;%)a >

sin 20
Note from second equation:

‘:)\2—c08229—sin226:)\2—1:0

(sin26 # 0)

Let r=asoy=

_afsin20)  «fsin26) (1 —cos20
v cos20+1  cos20 +1 (1 — 00829>
a(sin 20)(1 — cos 20)
1 — cos? 26
a(sin 20)(1 — cos 20)
sin? 20
(1 —2cos26)x
sin 20

_ cos20 +1  sin26 x\ (0
gSolve< sin 20 C0829+1><y>_<0>
(cos20 + 1)z + (sin20)y = 0
(sin20)z + (1 —cos20)y = 0

—B(1 + cos 20)

Let x = = in 26
et x=[Fsoy 20 (sin 26 # 0)
Suitable eigenvector: ( _ﬁ(lﬁos 20) )
sin 20
If sin20 =0
The matrix becomes | 20 0 with eigenvalues
0 — cos 20

(cos20 — \)(—cos20 — \) = A\* — cos?20 = 0 = \ = + cos 26.



A =cos20
(0 —200329><y>_<0> 50 (—2cos2f)y =0and y =0

If z = « then suitable eigenvector: < (g )

A = —cos20
2cos260 0 x 0
( 0 0><y)—<0>SO(QCOSZQ)X—OandX—O

If y = [ then suitable eigenvector: ( g )



